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CHERN OBSTRUCTIONS FOR COLLECTIONS OF 
1-FORMS ON SINGULAR VARIETIES 

W. EBELING AND S. M. GUSEIN-ZADE 
Dedicated to Jean-Paul Brasselet on the occasion of his 60th birthday 


Abstract. We introduce a certain index of a collection of germs 
of 1-forms on a germ of a singular variety which is a generalization 
of the local Euler obstruction corresponding to Chern numbers 
different from the top one. 


Introduction 

The aim of this paper is to bring together some ideas of (3J and 
|5j- A germ of a vector field or of a 1-form on the complex affine 
space C n at the origin not vanishing in a punctured neighbourhood of 
it has a topological invariant — the Poincare-Hopf index. The sum 
of the Poincare-Hopf indices of the singular points of a vector field 
on a compact complex manifold is equal to the Euler characteristic of 
the manifold. There are several generalizations of this notion to vector 
fields and/or to 1-forms on complex analytic varieties with singularities 
(isolated or not) started by M.-H. Schwartz: :ITJ 0J HI H1121 3 El ... ]. 
For the case of an isolated complete intersection singularity there is 
defined an index which is sometimes called the GSV index: B IH 
E|. Another generalization which makes sense not only for isolated 
complete intersection singularities and also not only for varieties with 
isolated singularities is the so called local Euler obstruction: :21 EJ (its 
analogue for 1-forms was considered in (7). One can say that in some 
sense all these invariants correspond to the Euler characteristic, which, 
for a compact complex analytic manifold M n , coincides with the top 
Chern number (c n (M), [M]). 

A generalization of the GSV-index corresponding to other Chern 
numbers (different from the top one) was introduced and studied in 
[3- It is defined for a collection of germs of 1-forms on an isolated 
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complete intersection singularity. For a collection of 1-forms on a pro¬ 
jective complex complete intersection with isolated singularities, the 
sum of these indices of the singular points is equal to plus-minus the 
corresponding Chern number of a smoothing of the variety. 

Here we define and study an index of a collection of germs of 1-forms 
on a germ of a singular variety which is an analogue of the local Euler 
obstruction corresponding to a Chern number different from the top 
one. 


1. Special points of 1-forms 

Let (X n , 0) C (C iV , 0) be the germ of a purely n-dimensional reduced 
complex analytic variety at the origin (generally speaking with a non¬ 
isolated singularity). Let k = {ki}, i = 1 ,s, be a fixed partition 

of n (i.e., ki are positive integers, Yh h = n )• Let {ujj } (i = 1,..., s, 

i= 1 

j = 1,. .., n — ki + 1) be a collection of germs of 1-forms on (C jV , 0) 
(not necessarily complex analytic; it suffices that the forms are 
complex linear functions continuously depending on a point of C N ). 
Let £ > 0 be small enough so that there is a representative X of the 
germ (A", 0) and representatives of the germs of 1-forms inside the 
ball B e { 0) C C*. 

Definition: A point P E X is called a special point of the collection 
of 1-forms on the variety A" if there exists a sequence {P m } of 
points from the non-singular part X reg of the variety A" converging to P 
such that the sequence Tp m X reg of the tangent spaces at the points P m 
has a limit L as m —> oo (in the Grassmann manifold of n-dimensional 
vector subspaces of C N ) and the restrictions of the 1-forms \ ..., 
UJ n-k +1 the subspace L C T P C N are linearly dependent for each 

Definition: The collection of 1-forms has an isolated special 

point on the germ (. X , 0) if it has no special points on X in a punctured 
neighbourhood of the origin. 

Remarks. 1. If the 1-forms care complex analytic, the property 
to have an isolated special point is a condition on the classes of these 
1-forms in the module 

^x,o = {/ ‘ ^€^,0 + ’ ®c N ,o\f ^ Jx} 

of germs of 1-forms on the variety X { Jx is the ideal of germs of 
holomorphic functions vanishing on A"). 



CHERN OBSTRUCTIONS 


3 


2. For the case s = 1 (and therefore k\ — n), i.e. for one 1-form a 
there exists a notion of a singular point of the 1-form to on A" (see, e.g., 
[7]). It is defined in terms of a Whitney stratification of the variety 
X. A point x G X is a singular point of the 1-form oo on the variety 
X if the restriction of the 1-form uj to the stratum of X containing 
x is equal to zero at the point x. (One should consider points of all 
zero-dimensional strata as singular ones.) One can easily see that a 
special point of the 1-form u on the variety X is singular, but not vice 
versa. (E.g. the origin is a singular point of the 1-form dx on the cone 
{x 2 + y 2 + z 2 = 0}, but not a special one.) On a smooth variety these 
two notions coincide. 

The notion of a non-degenerate special (singular) point of a collection 
of germs of 1-forms on a smooth variety was introduced in |B|. The 
index of a non-degenerate point of a collection of germs of holomorphic 
1-forms is equal to 1. 

Let 

s n—ki ~\-1 

£ k =n n c «- 

i =1 j =1 

be the space of collections of linear functions on C N (i.e. of 1-forms 
with constant coefficients). 

Proposition 1. There exists an open and dense subset U C £ k such 
that each collection {^ } } G U has only isolated special points on X 
and, moreover, all these points belong to the smooth part A reg of the 
variety X and are non-degenerate. 

Proof. Let Y C X x £ k be the closure of the set of pairs {x,{£^}) 
where x G X reg and the restrictions of the linear functions ..., 
^n-k +1 the tangent space T x X reg are linearly dependent for each i = 
1 ,... ,s. Let 7T : Y —> £ k be the projection to the second factor. One 

S 

has codim Y = = n and therefore dim Y = dim £ k . Moreover, 

i— 1 

Y \ (A^ x £ k ) is a proper subvariety of Y and therefore its dimension 
is strictly smaller than dim £ k . A generic point of the space £ k is 
a regular value of the map n which means that it has only finitely 
many preimages, all of them belong to A" reg x £ k and the map tt is 
non-degenerate at them. This implies the statement. □ 

Corollary 1. Let {Aj } be a collection of 1-forms on X with an isolated 
special point at the origin. Then there exists a deformation {uj'- ' 1 } of the 
collection {cu^} whose special points lie in X reg and are non-degenerate. 
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Moreover, as such a deformation one can use {ou + Xtf } with a 
generic collection {(i ^} e £ k , A 7 ^ 0 small enough. 

Corollary 2. The set of collections of holomorphic 1-forms with a 
non-isolated special point at the origin has infinite codimension in the 
space of all holomorphic collections. 

2. Local Chern obstructions 

Let {cuj*'*} be a collection of germs of 1-forms on (A, 0) with an 

isolated special point at the origin. Let v : X —> X be the Nash trans¬ 
formation of the variety X C B e ( 0) defined as follows. Let G(n,N ) 
be the Grassmann manifold of n-climensional vector subspaces of C^. 
There is a natural map er : A reg —> 5 e (0) x G(n, N ) which sends a point 
x e X reg to (x, T x X reg ). The Nash transform X of the variety X is the 
closure of the image Im a of the map a in B £ (0) x G(n, N), v is the nat¬ 
ural projection. The Nash bundle T over X is a vector bundle of rank 
n which is the pullback of the tautological bundle on the Grassmann 
manifold G(n,N). There is a natural lifting of the Nash transforma¬ 
tion to a bundle map from the Nash bundle T to the restriction of the 
tangent bundle TC N of to X. This is an isomorphism of T and 
TX " reg C TC n over the non-singular part X reg of X. 

The collection of 1-forms {u^} gives rise to a section t D of the bundle 

s n—ki+l 

T = © © T , 

*= 1 j =1 

where T* ? - are copies of the dual Nash bundle T* over the Nash trans¬ 
form X numbered by indices i and j. Let D C T be the set of pairs 
(x, where x E X and the collection {a'^ } of elements of T* (i.e. 

of linear functions on T x ) is such that ol[\ ..., a^_ k . +1 are linearly 
dependent for each i — 1,..., s. The image of the section u does not 
intersect D outside of the preimage ^ _ 1 (0) C X of the origin. The map 
T \ D —*• X is a fibre bundle. The fibre W x = T x \ of it is (2 n — 2)- 
connected, its homology group H 2n -](W X ] Z) is isomorphic to Z and 
has a natural generator: see, e.g., 0. The latter fact implies that the 
fibre bundle T \ D —> X is homotopically simple in dimension 2n — 1, 
i.e. the fundamental group 7 Ti(X) of the base acts trivially on the ho- 
motopy group iS 2 n-i(W x ) of the fibre, the last one being isomorphic to 
the homology group H 2n -\(W X ] Z): see, e.g., tT¥j . 
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Definition: The local Chern obstruction Ch^.o {co^' ) } of the collections 
of germs of 1-forms {o;^} on (A, 0) at the origin is the (primary, and 
in fact the only) obstruction to extend the section cD of the fibre bundle 
T \ D —> X from the preimage of a neighbourhood of the sphere S e = 
dB e to A", more precisely its value (as an element of H 2n (u~ 1 ( A" fl 
BC),v~ l ( A fi S E )]Z )) on the fundamental class of the pair (z / _1 (X fl 
B £ ),u~\xns e )). 

The definition of the local Chern obstruction Chx,o{^]^} can be 
reformulated in the following way. Let T>\ C C N x £ k be the closure 
of the set of pairs (x,{i^}) such that x G A reg and the restrictions 
of the linear functions ..., i^_ k . +l to T x X reg C C N are linearly 
dependent for each i = l,...,s. (For s = 1, k = {n}, V\ is the 
(non-projectivized) conormal space of X j^J.) The collection {uJ'- ' 1 } 
of germs of 1-forms on (C ,v , 0) defines a section Co of the (trivial) fibre 
bundle x £ k -f <C*. Then 

Chx, 0 {uof} = (Co(C N )oV k x ) 0 

where (■ o -) 0 is the intersection number at the origin in C N x £ k . This 
description can be considered as a generalization of an expression of 
the local Euler obstruction as a microlocal intersection number defined 
in 0, see also m Sections 5.0.3 and 5.2.1], 

Remarks. 1. On a smooth manifold A the local Chern obstruc¬ 
tion C1 i_y,o } coincides with the index indx,o { a; j*' ) } °f th e collection 

{a;]*'’} defined in 0]. 

2. The local Euler obstruction is defined for vector fields as well as for 1- 
forms. One can see that vector fields are not well adapted to a definition 
of the local Chern obstruction. A more or less direct version of the 
definition above for vector fields demands to consider vector fields on 
a singular variety X C C N to be sections v = v(x ) of TC N \x such that 
v(x) G T x X C T X C N (dim T x X is not constant). (Traditionally vector 
fields tangent to smooth strata of the variety X are considered.) There 
exist only continuous (non-trivial, i.e. with s > 1) collections of such 
vector fields ”on A"” with isolated special points, but not holomorphic 
ones. 

3. The definition of the local Chern obstruction Chx,o } niay also 
be formulated in terms of a collection (a/*)} of germs of 1-forms with 
values in vector spaces Lj of dimensions n — k t + 1. Therefore (via 
differentials) it is also defined for a collection {/W} of germs of maps 
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/(*) : (C^, 0) —*• (C n fci+1 ,0) (just as the Euler obstruction is defined 
for a germ of a function). 

Being a (primary) obstruction, the local Chern obstruction satisfies 
the law of conservation of number, i.e. if a collection of 1-forms {uj'^ } 

is a deformation of the collection } and has isolated special points 
on X, then 

Chv,o {<^} = ^2 {^1 

where the sum on the right hand side is over all special points Q of 
the collection {uj'p } on X in a neighbourhood of the origin. With 
Corollary d this implies the following statements. 

Proposition 2. The local Chern obstruction Chx,o } of a collec¬ 
tion {cu^} of germs of holomorphic 1-forms is equal to the number 
of special points on X of a generic (holomorphic) deformation of the 
collection. 

This statement is an analogue of Proposition 2.3 in TB1 . 

Proposition 3. If a collection of 1-forms on a compact (say, 

projective) variety X has only isolated special points, then the sum of 
the local Chern obstructions of the collection } at these points does 
not depend on the collection and therefore is an invariant of the variety. 

It is reasonable to consider this sum as ((—l) n times) the correspond¬ 
ing Chern number of the singular variety A". 

Let (A", 0) be an isolated complete intersection singularity. As it was 
mentioned above, a collection of germs of 1-forms {uJp } on (A, 0) with 

an isolated special point at the origin has an index indx,o which is 

an analogue of the GSV-index of a vector field: pP The fact that both 
the Chern obstruction and the index satisfy the law of conservation of 
number and they coincide on a smooth manifold yields the following 
statement. 

Proposition 4. For a collection {uJ'p } of germs of 1-forms on an 
isolated complete intersection singularity (A", 0) the difference 

indx,o {uf} ~ Ch x ,o {uf} 

does not depend on the collection and therefore is an invariant of the 
germ of the variety. 

Since, by Proposition!!! Chx,o \ = 0 for a generic collection } 
of linear functions on C' v , one has the following statement. 
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Corollary 3. One has 

Ch x ,o {uf } = ind X)0 {uf } - ind x ,o {tf} 

for a generic collection {£)■ } of linear functions on C N . 
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